International Research Journal of Natural and Applied Sciences
ISSN: (2349-4077)

Impact Factor- 5.46, Volume 5, Issue 3, March 2018

Website- www.aarf.asia, Email : editor@aarf.asia , editoraarf@gmail.com

FIXED POINT RESULTS IN FUZZY MENGER SPACE

Rashmi Pathak
Research Scholar, Department of Mathematics and Computer Science, U.T.D,
Rani Durgavati University Jabalpur (M. P.), India

Manoj Kumar Shukla
Department of Mathematics, Institute for Excellence in Higher Education,
Bhopal, (M.P.), India

ABSTRACT

Some fixed point theorems are proved in Fuzzy Menger Space for weak Commuting mappings.
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1. INTRODUCTION

It was Menger [3] who introduced the notation of the probabilistic metric space almost 75
years back in 1942. The investigation of physical quantities and physiological thresholds are
adopted through the probabilistic generalization of metric space. Schweizer and Sklar [4] studied
this concept and then the important development of Menger space theory was due to Sehgal and
Bharucha-Reid [5]. Sessa [6] introduced weakly commuting maps in metric spaces. So many

recent works have been done in fuzzy and menger space Kutukcu et. al. [1] & [2], also Singh
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and Jain [8] did lot of work in this field. Very recently in 2012 the Fuzzy Probabilistic Metric
Space is used by R. Shrivastav, V. Patel and V. B. Dhagat [7]. By using the work mentioned
above we proved some fixed point results for Fuzzy Menger Space.

2. PRELIMINARIES

Definition 2.1 A fuzzy probabilistic metric space (FPM space) is an ordered pair (X, F,)
consisting of a nonempty set X and a mapping F, from X x X into the collections of all fuzzy
distribution functions F, € R for all « € [0,1]. For x,y € X we denote the fuzzy distribution

function by F, (x,y) and E, (x,y) (u) is the value of F,(x,y) at u in R.

The functions F, (x, y) for all a. [0,1] assumed to satisfy the following conditions:
FPM() E,(x,y)(w) =1 u>0iff x =1y,

FPM(2) FE,(x,y)(0) =0x,yin X,

FPM@Q) E,(x,y) = F,(y,x) x,y in X,

FPM(@4) IfE,(x,y)(u) =1and F,(y,2)(v) =1

= F,(xz) (u+v)=1Vx,y,z €X andu,v > 0.

Definition 2.2 A commutative, associative and non-decreasing mapping t : [0,1] X [0,1] =
[0,1] isat —norm ifand only if t(a,1) = a Va €[0,1], t(0,0) =0and t (c,d) = t(a,b)

forc=a,d > b.

Definition 2.3 A Fuzzy Manger Space is a triplet (X, F,, t), where (X, F,) is a FPM-space, t is a

t-norm and the generalized triangle inequality
Fo(x, 2)(u+v) 2t (F(x,2)(Wk (y,2)(v))
holds for all x,y,zin X andu,v > 0and a € [0,1].

The concept of neighborhoods in Fuzzy Menger space is introduced as follows:
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Definition 2.4 Let (X, F,, t) be a fuzzy Menger space. If x € X, > 0, « € [0,1] and
A € (0,1) then (&, 4) - neighborhood of x, denoted by U, (&, 1), is defined by
Up (8,1) ={y €X: F,(x,y)(e) > (1 - D}
An (&, 1)-topology in X is the topology induced by the family
{U, (e, 1):x €X,e>0,a € [0,1] and A € (0,1)} of neighborhoods.
Remark: If t is continuous, then Fuzzy Menger space (X, F,, t) is a Housdroff space in (;)-
topology.

Let (X, F,,t) be a complete fuzzy menger space and A c X. Then A is a bounded set if

lim infioF, (x,y)(u) = 1 forall x,y € A.

U —00
Definition 2.5 A sequence {x,}in (X, F,,t) is said to be convergent to a point x in X if for
every > 0 and A > 0, there exists an integer N = N(g, 1) such that x,, € U, (,A)YVn = N or
equivalently F, (x,,x;)> 1—Aforalln > N and a € [0,1].

Definition 2.6 A sequence {x,,} in (X, FE,,t) is said to be cauchy sequence if for every > 0
and A > 0, there exists an integer N = N (¢, A1) such that

foralla € [0,1], E, (x,, x,;)> 1—A VY nm > N.

Definition 2.7 A Fuzzy Menger space (X, F,,t) with the continuous t-norm is said to be

complete if every Cauchy sequence in X converges to a point in X for all « € [0,1].

Let (X. M,*) is a fuzzy Menger metric space with the following condition (Fuzzy menger

space 6).

(FMS-6) lim_, F,(x,y,t) =1, Vx,y€X

In fuzzy Menger space consider the Following lemmas

Lemma 1. [8] Let {x,} be a sequence in a Menger space (X, F,, *) with continuous t-norm =
and t = t > t. If there exists a constant k € (0, 1) such that

Fatenxni) (k) 2 For,_ 2 (@) forallt > 0andn = 1,2,...,
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then {x,, } is a Cauchy sequence in X.
Lemma 2. [8] Let (X, F,, *) be a Menger space. If there exists k € (0, 1) such that
Faxyy(kt) = Fyxyy () forallx,y € Xandt > 0,thenx = y.

3. Main Results:

THEOREM (3.1): Let (X, F,,*) be a complete fuzzy menger metric space with the condition
(FMS-6) and let S and T be continuous mappings of X , then S and T have a common fixed
point in X if there exists continuous mappings A of X into S (X) n T (X) which commute

weakly with S and T and

Fy (Afoyf qt) = inf{sz (Ty'Ay; t), Fo (Sx, Ax, 1), Fo (Sy, Tyl t), Fy (A, Ty: t), F (Sx:Ayr t)}
e (311)

forallx,y X,t > 0and0 < g < 1.ThenS, T and A have a unique common fixed point..

Proof: We define a sequence {x, } suchthat A(x,,) = S(xy,_1) and  A(xy,_1) = T(x,,) for
n=1,2,..... .We shall prove that {A(x,,)} is a Cauchy sequence.

Fa (szn,AX2n+1, qt) =
inf{Fa (TX2n+1, Ax2n+1' t)' Fa (SxanAxan t), Fa (Sxan Tx2n+1l t), Fa (AxZn' Tx2n+1' t)' Fa (Sx2n'Ax2n+1' t) }

Fa (szn,AX2n+1, qt) =
inf{Fa (AxanAx2n+1' t)' Fa (szn+1, Axan t), Fa (szn+1, Axan t), Fa (AxZn'AXZn' t)' Fa (Ax2n+1'Ax2n+1' t) }

Fa (AxZn)Ax2n+1) qt) = inf{Fa (AxanAx2n+1: t): Fa (Ax2n+1: AxZn: t): Fa (Ax2n+1'Ax2n' t),l,l}

Fa (AxZn) Ax2n+1) qt) =

. t t t

lnf{Fa (AXZnJAx2n+1';)'Fa (Ax2n+1'Ax2n'g):Fa (Ax2n+1:Ax2n:;):1:1}
t

= Fa (AXZnJAx2n+1' qt) = Fa (AxZn—liAxZnia)

By induction

t
Fy (Axgp, AXp 11, qt) = Fy (AXom, AXp—1, a)
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For every k and min N, Further if 2m +1 > 2k, then
t t
Fa(Akale2m+1i qt) > Fa (Ame,Aka_l,a) e 2 Fa (AxOJAx2m+1JqW) ...... (311)(@)

If 2k > 2m + 1, then

t
Fa(AXZkiAx2m+1l qt) > Fa (Aka—l'Ame';) ......... =

Fa(Aka_(Zmﬂ),AxO,q%) e e . (3.1.1) (D)
By simple induction with (3.1.1)(a) and (3.1.1)(b) we have
Fy (Axp, A%y, qt) = Fy (Axg, Ax,, qin).
Forn = 2k,p = 2m+1orn = 24+ 1, p = 2m + 1and by (FPM-4)

Fo (A ) Ar oo )= F o (Ar o Ar 1,2;—,,) x P (Ar 1, Ar ;,,;—”) ...... (3.1.1)(¢)

+p
If o =24,p =2mor n =2k+1Lp=2m

For every positive integer z and 7 in 4/, by nothing that

4
prgn

F L (Ar o, A )y—=>lasz -
Thus {4.x ,} is a Cauchy sequence. Since the space X" is complete 3 ~z € I, such that
um A 7 —n-own lm 7z—>oo*5j~/ 2n-1 = lm n—mﬁ 2n =2

It followsthat # =52 =7 andso

F,(& A ¢ )=
mf {F,(74 Atz ,t),F, (Z A ,t),F, (S 74 ,t),F, (& 74 ,t),F, (52 A ,t)}

Folde Az gt V2 Fo (& 7 £) = Fo(dr ,Ade ) > Fo( Az, Az ,;—,Z)

Since zm ., F, (& , Ak ,;—,,)=1, S04 = A .
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Thus z is common fixed point of 4,.5 and 7.
For uniqueness, let  (z # z) be another common fixed point of .5, 7 and 4.
By (3.1.1) we write

Fa'(AZ "41]'7[ )2
o (F (T Ay t),F (52 Az ), F (& T ,£),F (% A ,t)}

F, (& A, )=mf {(F,(v,v,t),F,(z,2z,t),F,(z,v,t),F,(z,v,)}
F,(& A, ¢ )= F,(z,v,¢t)

This impliesthat ~#,(z,v, ¢ )= F,(z,v,¢)

Therefore by lemma 2, we write z = ».

THEOREM (3.2): Let (X, #,,*) be a complete fuzzy menger metric space with the condition
(FM-6) and let .8 and 7" be continuous mappings of X in X, then .8 and 7 have a common fixed
point in X if there exists continuous mappings 4 of X into .5 (1) n 7 (X) which commute
weakly with .5 and 7" and

Fo(de 4y, )=

Bf Fo(Te Ay £),Fo(Se Ar £),F (St , Ty ,¢), & D0 FalD B 0) Fali A0y

Foldr Iy ,t) Fo(St Ar t) Fo(ly 4y ,t)

e (32.1)

forallx,y € X,z > 0,and0 < ¢ < 1. Then s, 7 and A have a uniqgue common fixed

point.
Proof: We define a sequence {x,} such that
Ar 2, = Sr 2,7—1 and 4 2p—1 = Tx 2, 1 = 1,2, ......

We shall prove that {4.x ,} isa Cauchy sequence. By (3.2.1), we have
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Fa/(‘% 271,141’ 27z+1'7f )2

Fa(S 20, 7% 20412 ) Fa(T¥ 254140
Fo(A 25, 7% 27z+1't)’ Fa(S¥ 20,4

l}f {FQ(ZT 27z+1"4r 2n+1't)'Fa/(‘£r 272'141/ ZHJZ-)JFQ'(S'X 272)7:1/ 27z+lrf)'

Fa/(‘% 271,141’ 27z+1'7f )2

Fa(Ar 27z+1r’41/ 27z't) Fa(AY 272'141/ 2
Fo(Ar 20,45 25,t) " Fo(dr 2y 41,41

l}gf {Fa/(‘% 272,141’ 272+1!Z)'F¢z(14r 27z+1'14r 272Jf)JFa(14r 2,Z+1,141’ 272:1_):

ﬁFa(‘% 272"41/ 27z+1'7[ )2
l}gf {Fa/(‘% 272,141’ 272+1!Z)'F¢z(14r 27z+1'14r 272Jf)JFa(14r 2,Z+1,141’ 272:1_):1:1:1}

= L (A 20, A 2pi1, ) 2 Fo( AV 2y1, A 27z;§)
By induction

Fo(A 240 A 2t ) Z F o (A 21, A 241, g)
For every £ and min A, Further if 22 +1 > 24, then

4
FQ'(A‘F 2,%;141’ 2m+1;q[ )Zﬁa(zﬁ’ 2,%_1,141’ zm,;) ......... 2

Fo(Ar oA 2,7,”_2/(,;7) e (32.) (@)

If24 > 2m+ 1, then

Fo(Ar o4, A€ 21, & ) 2
F o (Ar oy, Ar 2,7,,;) ......... F oA 2pamsny, AY O,ﬁ) e (32.)(0)

By simple induction with (3.2.1)(«) and (3.2.1)(4)

We have
Fa'(‘ﬁ/ n:Ar 7z+p'¢ )Zﬁa/(‘% 0;14? p';_;z)
Forn = 24,p = 2m+1lorn = 24 +1,p = 2m +1and by (FPM-4)

F oA ot g, @ )2 F (At o dr 1,505 % MAr 1,40 5,75 . (321)(€)
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Ifn = 24,p = 2morn =24+l p=2m

For every positive integer z and 7 in 4/, by nothing that
F(Ar o A p,;—”) —»lasz -

Thus {4 ,} is a Cauchy sequence.

Since the space X is complete there exists z € X, such that
lin o A = lim e St gy =lim T o, =2
It follows that = = and so

F (A ALz ¢ )=

Fo(Se Az t) Fo(lHz Ak t) Fo(2 4 ,t) )
Fo(dz 74z t) Fo( A .,t) ' F,(I4z A4 ,t)

nf (F, (T At t),F, (% A t),F, (% , T4 ,¢),

F (e At gt V> F (% T ,t)>F (& A £)> >

14

F (A At ,—;

Pz
Since limm ., F (A7 , A ,;—ﬂ) =1

= Az = A4z

Thus z is common fixed point of 4,5 and 7.

For uniqueness, let z (# # z) be another common fixed point of .5°, 7" and A4.
By (3.2.1), we write

F,(4& Ay, ¢ )=

Fo(Sz Tv ) Fo(lv Av ,t) Fo(Sz A ,z)}
Fo(dz 70 ,£)’ Fo(Sz Az t)’ Fo(Tv Ay ,¢t)

Df (Fo(Tv Ay £),Fo($E Az t),F (SZ 70 ,1),

F,(4& A, ¢ )=F,(z,v,7)
This implies that

F,(z,v,q¢ Y=2F,(z,v, 1)
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Therefore by lemma 2, we write 2z = ».

This completes the proof of the Theorem
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