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ABSTRACT

In this paper, we shall study about simultaneous approximation for the linear
combinations of Stancu Type Generalization for Modified Beta Operators. We obtain a
direct result in terms of higher order modulus of continuity. To prove the main result, we
use the technique of the linear approximation method i.e. Steklov Mean.
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1. INTRODUCTION
Let f be a function defined on [0, 9). The Modified Beta Operators are introduced by

Gupta and Ahmad [3] as

n-17%
P(f”“)——zbm ’C)I 2u (1) S (2)d x €[0,x) .. (L.1)
v=0
where b, (x) = — (] + x)"(tviD)

Pax(t) = (7D + =08

and B(v+ 1,n) —v'(n L , also B(v,n) = £ s dx,
e 0 (145t

These operators are introduced by Gupta and Ahmad [3] to approximate Lebesgue
function  on the [0, <°) as-

Let Cy[0, e) = {f € [0,29): |f(t)| < Mt’ for soNe y = 0 and soNe constant M T 0}, we define
the norm

Illy on CuI0, %) by liflly = o 1 & .o FO] + &

Here we shall apply Stancu [7] type generalization of Bernstein [1] polynomials as-
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T+ a0 -x+ @)

where prix) =| | =0

" Q

o (13)

H(lﬂm)

We get the Bernstein polynomials by putting (1 [ 0, starting with two parameters o & p
satisfying 0 < a <p in1983.

The other generalization of Stancu Operators was given in [8] and studied the linear positive
operators as follows-

@Bl N W (k+a)
5. Lix = pufl. L1, 0<x<l (14
o L)
where 2 (x) =1 k (1-x) . . (L5)
\J

It is the Bernstein basis function.

Recently Ibrahim [5] introduced Stancu Chlodowsky polynomials and investigated
convergence and approximation properties of these operators.

Now Stancu type generalization for Operators (1.1) as follows-

@® @

a’ﬁ( ) u (Mg\‘
P, fix= > b ()] s ()11 i |at, xe[0,0] ... (1.6)

+p
V=0 0 \ )

:'"’p’ are called Modified

where by, (x) and pyy (t) are defined as earlier. The operators P,
Beta Stancu Operators. For a = p = 0, the operators (1.2) reduce to operators (1.1).

It is easily verified that the operators P, are linear positive operators. Also P

For do, dy, do, ... , dy arbitrary but fixed distinct positive integers, the linear combination

Pn(f, v, x) of den(f,x),j =0, 1,2, ..., n are defined by
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_Pn(f:v. X) — ZC(]. V)Pd'n O‘. X) (17)
=0

c‘l.
where C(j,v)= :I:aT]a v # 0 and C(0,0) =
=0 i 1

i*i

Alternately the above linear combination may be defined as-

M’ V’X) =

1d1d2..4vV lpy,dld2..dv
0 0 Q 0 0 0 0
1d1d2... 4V Pys d1d2. dv
1 1 1 1 1 1 1
" sms mmE smm mEm EEm | "Emm mEs smm smm EEE EEm amm - |
1d-1d2..dv P d1d2..dvV

2. BASIC RESULTS

In this section, we study some definitions and certain lemmas by using Stancu operators to
prove our main theorems. We shall extend the results of Maheshwari and Gupta [6] by
applying Stancu type of generalization.

Here we mention two definitions named as Steklov mean and k™ order modulus of
continuity, which will be beneficial in finding our results.

Steklov Mean- Let us assume that 0 < a < al < bl < <o, for sufficiently small 8 > 0, the

(2k + 2)™ order.
Steklov mean g2k+2,id corresponding to g € Cy[0, <) is defined by
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b/2 8/2 8/2 k2

g2k+2ia(t) = 0~ £ f ... ¥ [g(t) — 4%+2g(D)] F=dt,
i3/2 8,2 i8/2 i=1
2k+2

> i, andi € [a,b]

where 5=

It is easily checked [2, 3, 5] that
1. g+2a has continuous derivatives up to order (2k + 2) on [ a,b].

i g <Kdr (g8,ab), r=12,..(2k+2),
2k+2.0 C|a=1Ji |

. llg— g2k+2;L€13" b < KW3k+2(g, 9, a, b),
iv.  lgak+2alle, = Klglly

where 'K’ is an arbitrary constant and in this paper it will have different values at different
places.

K™ Order Modulus of Continuity- The k™ order
moment of continuity mk(f, d) for a function continuous on an interval [a, b] is defined by

mk(f, 8) = Sup{|A“f(x)| : || <0, x,x +kh €1}
Fork =1, my(f, 0) is written simply as m;(d) orm(f, d).

Lemma-2.1-Form € N U {0} if

I O T
Upn@)=_2 b (0 __ —x|
-\ )

then  (ne DU, (¥)=x(1+2){TU, ()t mU,, 0 (¥)}

Consequently
(1) U (x) 1s a polynomial in x of degree < m .

i) U, (x)= QL{[”’“””Q] | Where [£] denotes the integral part of £.

Lemma-2.2- Let the N™ order moment be defined by
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" o

n—1 nt + o N

o () = = 2 b (00 FPas®) (=) 5515
then Toa(x) = 1, To1 (X) = B_u_a - X and
(n—=N-2)Tann .
=x(14+x)IT (x)+4 2NT (X)) 4+ L+ ZX)N + 1) +X[1 (X)),
n.N nN-1 nN
n>N-++2

Further, for all x [0, 0) ’1',_,__,_” (x)=0\n ‘["""l")

ROOF: The proof of Lemma-2.1 can easily be obtained by using the definition of T, y(X)
from Lemma-2.2. so, first, for the proof of Lemma-2.2 we proceed as follows.

Differentiating (1.5) with respect to x and multiplying by x(1 + x) on both sides-

- tlor mee e ()P O N (
anN o v=0 nv  Jo_ny nip M outTaNALT
xTnN-1x
Using relations
1) (1 + )b/nu(X) = [v = (0 + D)x]byu(x) ,
ontt+ta  nt+a nt+a L
nvt =|v—n/( v
n—+p n+p B n+b Y,
o0 = o]
I1— 1 nc+ o ™
3) > by (x) Fp,, (V) ( —x) dt
0y n+p
v=0 0
o0 o0
n—1 nt+ a N-1
= — > by (X t)(—— dt
0 by ( )fﬁmx()(n+b X)
v=0 Q
= —NTyn-1(X)
we obtain-
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(1 + %) [T an(x) + NTyn-1(%)]

n—-1 ’ nt +« "
= —— X[V — (0 + DX] a0 Fpan® (%) b
v=( 0
s : nt + a nt + «a nt+a 0™
= _ 3 _ —
n Vib‘“("){“" Marp) T GG X (= X) At
n—1" “nt+a nt+a nt+a M
F= E%(X)fm(l'*‘m)pn‘y(t)(m—x) dt+'lTu.N+l(x)
v=0 0
—xT.u(x)
n—1° = nt + o nt + a 2
= ibw(x){[(l + 2x) (F—B =% +-(n_+b —X)
nt + « aa
+x(1+ 0] p® (L, —x) IRSSERSSETE B!
n—1 0 - nr+ a m+1
= (1420 —— b O FP O G -9 dt
v=0 Q
ooy 2 = ' nt + a m+2
P O OG0 de
v=0 0
=1 o0 x . nt+ « m
+ x(1 + x) = Zh“"‘(x)fpu:!(t)(n+b-x) dt + nT, 1 (%)
v=0) Q
— XTn(x)

=—(N+ 11+ 2x)Thnu(x) = (N + 2) Ty 1 (%) = NX(1 + ) Tpe—1(%)
+ 0T 41 (%) = XT (%)

This leads to Lemma-2.2. Obviously 7, (x)= Q(g Pt} )

Lemma-2.3- There exists the polynomial qi,j,r(x) independent of n & v, such that
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¥

d . . : .
(1 +x) ﬁ(x" (4 o) Do @ — ) G ()" (1)
2i+jsr
Ljz0

Lemma-2.4- Let f be r times differentiable on [0, ) such /"™ = 0(t?) for some o > 0
ast — cothen

forr=1,2,3and n > q + r, we have

x

(x) t ()7 nt+a

n n! (n —2)! " n+ry . ' s b
L 0

PROOF- We have

Pr(f,x) =
n

Fy

.o i nt+ a
_Zmbwi (X) P uni O NV {8
Y DX n+p

e Y

v=0 0
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By using Leibnitz theorem-

r om
n—1 rih+v+r—i)! A
Pr(f, x) = ( b =TI (1
D s
5 n == m-niw-i
i=0v=i
o nt +
“n=v=1-r-] T
+ X) fpn,V(t)f(‘_') dt
n+p
0
ks Lr
ni—1 (n+v+r)! XV r nt+ «
= n p> (n — 1)! v! '(1 + x)n+v+r+l fg(—l)"i (.)Emi(t)f(n + b ) dt
i
v=0 0 =0
o« o r
(m=1(n+r-1)! o nt+ a
(l‘l)! LALY A (l) B)_X‘V_‘H n+ b
v=0 01=0
Again, by using Leibnitz theorem, we get
k.
o= 07U gt ®
n-ry4r (n—-r—-l)!z —1 W) Enyti
Hence, =0
m-rc..\_(n_r_l)!(n-'-r_1)!;;, (X).f,:(‘l)'l?.. \Llllnt+alUL
. (n—2)'n! o ALAEE n+h

Integrating r times, we get the required result.

Lemma-2.5 Let f € C,[0,x0), if f12k+r+2) exists at a point x € [0,x0), then

2ver42
lim nv+ 1 [Pe(f,(d ,d ,od ) X) =)= 3 Q(L v, 1, X)A(X)

]]—41’
1=r

where Q(i, v, r, X) are certain polynomials in x

3. MAIN RESULTS
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In this section we shall prove the following main results.

Theorem 3.1- Let f' € Cy[0, @) and 0 < a < al < bl < b < <o then for ‘n sufficiently
large

IIW(Zf v,x) — fllcia b < Max{C m (fr,n-12a,b),C n-CD| ] }

1 2v+2 2 y

where C1=C1(v,r) and C2= Cy(v, 1,f)

Proof: First, we have by linearity property of the operators, we have

IIWCf v) — full |

Clapbi]
=1P(F—7F ATl
n V2D - Clayh|
+ P (d.d,..,d ).)—22
n 2v+2086 0 1 v 2v+2,0 Claybq|

+ IIf — ﬁ?ﬁ@ "C|311:b1|

= B; + By + B3, (Say)

By property (iii) of Steklov mean, we have
B3 < Km2v+2(f", 8, a, b)

Next, by Lemma-2.5, we have
Rv+r+2
y -(v+1) s~ 1
B < Kn™V > "E*'*Z-O"cimm
j=r

By interpolation property due to Goldberg and Meir [2] foreachj=r1,r+1,... 2v+r+2,
we have-

v+ +2
Uzwnnu” K {If2v+2a o)) + IG5 32 &bl]

Therefore by properties (ii) and (iv) of Steklov mean, we have-

B; < KADA"(V‘#]){IU‘”.Y i a—(2v+2)mzv+20,,.'a).}
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Finally, we shall estimate B, choosing a*, b* satisfying the conditions,

O<a<a*<al<bl<b*< oo

Also let f be a characteristic function of the interval [a*, b*], thenType equation here.

nt+a_. = nt+ o s
B =P W ) ) 5 i y—F nt+a
» n+ b n+ b 2v-0~2.6( n+h Clagbil
% nt + nt + «
+IPh {1 —FC_ . . {FC...)
nt+ «a
= Jvia (01 vl

Claybi|
= B4+ Bs, (Say)

We may note here that to estimate B, and Bs, it is enough to consider their expressions
without the linear combinations.

By Lemma-2.4, we have
nt + «o nt + « nt + a

P IF(C. . D)FC ) —Fove2a (. .2 ))X]

(n—r—'l)!(n+r—1)!m pd i .
_ L (X) fl) (t)_f(_ ) {.f;
(n—2)!n! niy N=LYIr n+pb
v=0 0
nt+ «a
av+2a(, )} dt
Hence. v nt+a nt+a nt+c " e
WE AT ()T () —Reveza (D)l gy S DI = Fou o ol ey
Now. forx € l[a.b1&t € [0.x)|[a". b’ll. we choose a d ARGy '_‘_Ha) —xl= 8
11 1 Shmorn 1

Therefore by Lemma-2.3 and Schwarz inequality, we have-
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t+«

l=P"l-{l—f(n+b)}{f(n+b)—f2"+2'°(n+b)}'xl

+ « t+ «

=4

n—1 .| Qi .
T s #1909l s 0. v - nxh s 9 (1
- X(1+x)" 0 0
2i+jSr
nt+ « nt+ « nt+ «
—f\n+b)}|f\n+b)-ﬁm.o(mldt

t+« nt + « t+a

L= Pl = FC B ()~ faveza( )l

M s 19Ol s 60 Iv - nxli Fpas (0 01
- x"(1+x)" o 0
2i+iSr
LSO
nt+ «a nt+ « nt+ «a

-fm)}lfm) —ﬁvoz.a(WIdt

n=L _ nt + a
=KIIfll ¢ y=ntd Iv—nx| fp (t)dt, |
Y n ny Ly n+b
2i+jSr
=0
n-1 =
< Kapellfly, T = ni Zbau(0)lv
2i+jSr v=0 1
iSO & =
1 -
nt+ 0w *
= 0x[i CFpae (DAY CFpau (D) (53 o x) dt)
0 0
= _Kgl_zc"_ﬂlyz n' (2 .bn.u (X)(V
2i+jSr v=0
LSO
1/2 " ” 1/2
; n=31i nt + « 4c
—nx)) - =3 bay (3) CFpax(t) ( nEp x) dt)}

v=0 0
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Hence, by Lemma-2.1 & 2.2, we have-

1,
1 < KIIfll,0(n) ""2" < Knv [Iflly

Where q = (s —n/2). Now choose 8 > 0 such q = (v + 1), then

1<k~ FDygy

Therefore by property (iii) of Steklov mean, we get-
By < KIff—f, o500+ Ka-C LY

< Kmy,42(f",0,a,b) + Kn :\"]IIU:”y

Hence with 8 = n 2

, the theorem follows.
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