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Abstract.

The fundamental group is defined using loops in topological spaces, which is the
first of a series of invariants called homotopy groups.This research provides a
treatment of Homological Algebra which approaches the subject in terms of its
origins in algebraic topology. The basic goal is to find algebraic invariants that
classifytopological spaces up to homeomorphism, though usually most classify
up to homotopy equivalence.
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1. Homotopy Theory

Let X and Y be two topological spaces and f, g : X —Y be two continuous
maps. Then f is said to be homotopic to g denoted by f =g if there exists a
continuous map F : X x [ =Y such that F{x, 0) = f(x) and F{x, 1) = g(x), z €X.

We write F :f =g to represent ¢ homotopy from f to g.
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Two mappings f and g of a space X into a space Y are homotopic
(and wewritef ~g) if there is a mapping h:X xI'— Y such that for each
point x in X,
h(x,0) = f(x) and  h(x.1) = g(x).
This is just another way of that h\X x0=f and h/X x1=g,and hence

we have the connection with 1-parameter families. The mapping h is called a
homotopy between f and g and the product space X xI'is the homotopy

cylinder.

In these terms, the mapping h{X*x0and h\xlxlshown in Fig. 1.1 are

homotopic mapping of S into E*. Any mapping of S' into E? is homotopic to
any other such mapping, so our example is rather trivial. Such a statement is not
true for every space Y, of course. For instance, let Y be the punctured plane
E’- (0,0). Then a constant mapping ¢ of S onto a single point p of cannot be
homotopic to a mapping of f of s* onto a simple closed curve J passing around
the (missing) orign (see Fig.1.2). Intuitively, it is impossible to deform J
continuously onto the point p while remaining in the space Y.

The question of the existence of a homotopy between two mappings f,
g:X—Y can be very difficult. The answer depends upon f and g, certainly, and
also upon the structure of the spaces X and Y. It is evident that this question is

one of extending a given mapping. For if fand g are
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Two mappings of X into Y, then we have a mapping h on the closed subset
(Xx0)u(X x1)of XxI' given by h'(x,0)=f(x) and h'(x,])=g(x).Then f
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and g are homotopic if and only if h can be extended to a mapping h of the
entire product space X xI'into Y. Thus it would seem that theorems about
homotopy are but special cases of more general theorems on the extension of
mappings. Indeed such is the case, but the general extension problem is far from
being soled, and also the special case of homotopy plays an important role in
the more general problem.

THEOREML1.1 The homotopy relation between mappings of a space X into a

space Y is an equivalence relation on Y*. That is, the relation "~ "satisfies:-
(1) f ~ ffor each mapping fin Y* (reflexive law),
(2) f~gimpliesg~f (symmetry law),

and

(3) f ~gandg~kimpliesf ~k (transitive law).

Proof: (1) For any mapping f in Y*, define h:W x1* —Y by
h(x,t)=f(x) (0<t<1).
It is evident that h is continuous and that h(x,0) = f (x) =h(x,1) for all points

xin X.

(2)If f ~ g, then there is a homotopy h: X xI* —Y such that h(x,0)= f(x)
and h(x,1) = g(x) for all points x in X. We define
h(x,t) =h(x1-t).

Again h is obviously continuous and h(x,0) = g(x), while h(x,1) = f (x). Thus
g~f ..
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(3) If f ~gand g~kthen there are homotopieshy and h, with

h (x,0) = f(x),h (x,1) =g(x),h,(x,0)=g(x),and h,(x,1) =k(x).We define a
homotopyh between f and k by setting

—h, (x,2t—1) (%stﬂ).

Then h(x,%) = g(x) by both definitions, so h is well-defined and continuous on
X x I*.Clearly h(x,0) =h(x,0) = f (x),while h(x,1) = h,(x,1) =k(x). Thus f~k .

THEOREML.2. Let A be a closed subset of a separable metric M, and let f
and g be homotopic mappings of A into the n-sphere S". It there exists an
extension f of f to all of M, then there also exists an extension g of g’ to all of

M, and the extensions f and g may be chosen to be homotopic also.

Proof (we follow Dowker [74]): Let h:AxI*—S"be the assumed
homotopy between > and g°, and let f be the given extension of f to all of M.
Let D be the set in M x I*given by

D=(Ax1")YU(M x0).
Clearly D is a closed subset of M x1*,and on D we may define the mapping
F:D — S"given by
F(x,0)=f(x) forallxinM,
and
F(x,t)=h (x,t) forallxinAand 0<t<1l.
Since h (x,0) = f(x) = f(x) for all points x in A, this mapping F is well-defined

and continuous.
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2. The fundamental group.

Let Y be a topological space, and let y, be a point in Y. Then the y,-

neighborhood of curves in Y, C(Y,y,), is the collection of all continuous

mapping f : 1" > Y of the unit interval into Y such that f(0)=y, = f(1).Note

that C(Y,y,)is a subspace of the function space Y "and is not a neighborhood in

Y in the usual sense.

Let f and g be two mapping in C(Y,y,).Then f is homotopic to g

modulo y, (abbreviated f v g) if there exists a homotopy h: 1* x 1" —Y such that

h(x,0)= f (x)and h(x,)) =g(x) forall xin I*
and h(0,t) =y, =h(Lt) foralltin I

This is illustrated by Fig. 2.1

:_ hlz. 1)) = {(2)
FIGURE 2.1

LEMMA. Homotopy modulo vy, is an equivalence relation on C(Y,y,).

It has to be shown that homotopy modulo v, is reflexive, symmetric, and

transitive.

We let 7z, (Y,y,)denote the collection of these equivalence classes. By

introducing a suitable group operation, this collection becomes the fundamental
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group of Y modulo yq (or the Poincare group of Y or the first homotopy group of

Y modulo yo).

A homotopyh between these two mapping may be given as follows:
4x i .
h(x,t) = fl(—) for pairs (x,t) with t >4x -1
t+1
= f,(4x—-t-1)  for pairs (X,t) with 4x -1 >t>4x -2
4x -t -2 . .
= 3(—tj for pairs (x,t) with 4x — 2 >t.

It is a simple matter to check that h is the desired homotopy modulo vy,. For

h(x, 0) = fi(dx) for0 > 4r — 1 W

o0 <z <}

= fo(4r — 1 fordr — 120> 4x — 2 .

=l e T R

=f3(2r —1) fordx —22>0

or3 <z<1 )
while
h(x, 1) = f1(2¢) for1 = 4z — 1 )

or0 €z < 3

= fa(dr — 2)  for & e = fri*(f2#f3).

= f3(4x — 3) fordr — 2 2 1

Since for t=4x-1,we have h(x,t)= f(x),etc., the continuity of h is
assured and the associative law has been proved.

Next, let j denote the constant mapping j(x) =y, for each point x in I".

We claim that the equivalence class [j] is the identity element of z,(Y,y,).To
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prove this, it will suffice to show that f * f for any function f in C(Y,y,).

1y,
This is done by constructing the homotpy

h(xt) f (f—xt) for pairs (x,t) with t>2r —1
- >

=Y, for pairs (x,t) with t<2x-1.

(To see where we got this, examine Fig. 2.3) The continuity of h is only in

question where t=2x-1, but for any such point, h(x,t) =y,,so h is continuous

as required. A check of the boundary conditions shows that

h(x,0)=f(2x) for0>2x-1lor0< xg%
=f*]
=Y forOst-lor%£x31

and

h(x,1) = f(x) forl>2x-lor0<x<1.

The other boundary conditions are obvious, and we know that [j] is the identity

element of z,(Y,vy,).
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FIGURE 2.4
and that for t =2x -1,
2X —2
h(x,t)=f| —— |=fQ)=v..
() ="fl o= = 0=V,
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Thush has the necessary continuity. The only question here concerns continuity

at t =1,but we need only insert the limiting values of the arguments to complete

the argument. Checking the boundary conditions, we see that

3

h(x0) = f (2x) for0 <1-2x0r0 < x < %
=Y, for 2x-1<0<1-2x or x = % —f*f
= f(lezj: f(2—2x)for 0 < 2x-lor %§x£1

while
h(x,1) =y, for all x satisfying the inequalities,

We notice that the fundamental group as defined seems to depend upon
the base pointy, in Y, and in general this is true. If, for instance, Y is the union of
an annular region in E? and a disjoint disc in E* (see Fig. 2.4), then for y, (any
point in the annular region), 7, (Y,y,)is infinite cyclic, wheras if y, is any point
in the disc, z,(Y,y,)consists only of the identity element. One notes that this

example fails to be connected and might conjecture that for a connected space,

the group =, (Y,y,)and =, (Y,y,),Y, # Y, would necessarily be isomorphic. It is
easy to modity the above example by simply adding a sin (1/x) curve as the
broken line in Fig. 2.4, and so disprove this conjecture.

3. Action on Groups

Suppose G and G are groups, written multiplicatively. A homomorphism
f:G—G" is a map such that f(x.y)= f(x).f(y)for all x,y;it automatically
satisfies the equations f(e)=e'and f(x™)=f(x)™, where e end e’ are the
identities of G and G, respectively, and the exponent-1 denotes the inverse. The
kernel of f is the set f ™ (&); it is a subgroup of G. The image of f, similarly, is

a subgroup of G'. The homeomorphism f is called a monomorphism if it is
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injective (or equivalently, if the kernel of f consists of e alone). It is called an
epimorphism if it is subjective; and it is called an isomorphism if it is bijective.

Suppose G is a group and H is a subgroup of G. Let xH denote the set of all
products xh, for h eH; it is called a left coset of H in G. The collection of all

such cosets forms a partition of G. Simiarly, the collection of all right cosets H x

of H in G forms a partition of G. We call H a normal subgroup of G if

xhx e Hfor each x e G and each h eH. In this case, we have x.H = Hx for
each x, so that our two partitions of G are the same.

Definition: Let X be a space; let Xo be a point of X. A path in X that begins and
ends at X is called a loop based at xo. The set of pathhomotopy classes of loops
based at xo, with the operation, is called the fundamental group of X relative to

the base point X,. It is denoted =, (X, X,)

Theorem 3.1 The map & is a group isomorphism.

Proof. To show that & is a homomorphism, we compute
al f]1*a([9]) = ([2]*[ f1*[a]) *[(c]*[g] *[a])
=[a]*[f1*[g]*[«]
=a([f1*[g]).

To show that ¢ is an isomorphism, we show that if B denotes that path «,

which is the reverse of «, then Bis an inverse for «. We compute, for each

element [h] of = (X,x,).
B([h]) — [BI*[h]*[B] = [oJ*[h]+[d],

é B([h]) = [a][a][h] =[&])*[o] = [h],
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A similar computation shows that (&([ f 1) =[f] for each [f] e n,(X,x,)

Corollary If X is path connected and X, andx,are two points of X, then
m,(X,x,)is isomorphic to m (X.X,)

Suppose that X is a topological space. Let C be the path component of X
containing X,.It is easy to see that r,(C,x,) ==, (X,X,),since all loops and
homotopies in X that are based at x, must lie in the subspace C. Thus 7z, (X,X,)
depends on only the path component of X containing X,;it gives us no
information whatever about the rest of X. For this reason, it is usual to deal with
only path-connected spaces when studying the fundamental group.

It X is path connected, all the groups 7,(X,X)are isomorphic, so it is
temping to try to “identify” all those groups with one another and to speak
simply of the fundamental group of the space X, without reference to base
point. The difficulty with this approach is that there is no natural way of
identifying =, (X,x,)with w (X,x,);different paths o and B from x to X, may
give rise to different isomorphism between these groups. For this reason,
omotting the base point can lead to error.

It turns out that the isomorphism of m (X,x,)with m (X,x,)is idependent
of path if and only if the fundamental group is abelian. This is a stringent

requirement on the space X.
Definition. Let h:(X,x,)—>(Y,y,)be a continuous map. Define
h:z,(X,%)—>7(Y,Y,)
by the equation
h([f]=[hof].

The map h.is called the homomorphism induced by h, relative to the base point

Xo-
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Theorem 3.2 If h:(X,x,)—>(Y,y,)and k:(Y.y,) —(Zz,)are continuous,
then (Ko h)x=k* *h=lfi: (X,x,) > (X,x,)is the identity map, then I, is the
identity homomorphism

Proof The proof is a triviality. By definition

(koh).([fD)=(koh)of],

(k. oh.) (If]) = K.(h.(IfD) =k. ([ho f]) =[ko (hof)]
Similarly, i.([f]) =[i o f]=[f]

Theorem 3.3 Let p: E — Bbe a covering map; let p(e,) :=b,.
(@  The homomorphism p, : z,(E,e,) — 7,(B,b,) is a monomorphism
(b) Let H=p.(m(E,e,). The lifting correspondence ¢ induces an injective
map.

® : m,(B,b,)H—>p*(b,)
of the collection of right cosets of H into p™ (by), which is bijective if E is path
connected.

(c) If fis a loop in B based at by, then [f] € H if and only if f lifts to loop in E

based at e,.
Proof. (a) Suppose hisa loop in E ate, and p.([A]) is the identity element. Let
F be a path homotopy between p o h and the constant loop. If F is the lifting of

F to E such that F (0,0)=¢,, and F is a path homotopy between h and the

constant loop at €, .

(b) Given loop fand gin B, let f and § be liftings of them to E that begins

at e.Then ¢([f])=f(1) and ¢ ([g]) =§(1). We show that #([f])=¢ ([g]) if
and only if [f]e H=*[g].
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First, suppose that [f]e H*[g]. Then [f]=[h*g], where h = poh
for some loop h in E based at e,. Now the product h«§ is defined, and it is a
lifting of hxg Because [f]=[h+g], the lifting f and h«g§ which begin ate,,
must end at the same point of E. Then f and § end at he same point of E, so

that ([ f]) = 4([9)).

BIBLIOGRAPHY

|

. Dr. B.K. Singh & G. Kumar: Some contribution to fundamental group
&Homotopy theory ARJPS, Vol.17, P.13-19 (2014)

2. Cohn, P.M. : Free Rings and their Relations, Academic Press, New York,
1971.

3. Anderson, F. & Fuller, K.: Rings and Categories of Module. Springer-verlag,
Berlin, 1974.

4. North Cott, D.G.: An Introduction to Homological Algebra, Cambridge
Univ. Press, London & New York, 1960.

5. Mac Lane S. Homology New York, Berlin, Gottingen and Heideberg:
Springer, 1963.

6. Cartan, H. and S. Eilenberg, Homological Algebra, Princeton; Princeton
University Press, 1956.

7.  Auslander, M., and D.A. Buchsbaum, “Homological dimension in
Noetherian Rings II”. Trans. Amer, Math. Soc. Vol. 88. (1958)
pp. 194-206.

8. Bass, H. “Finitistic dimension and a homological generalization of semi-
primary rings”. Trans. Amer. Math. Soc, Vol. 95 (1960), pp.
446-488.

9. D.W. Hall and G.L. Spencer. Elementary Topology, John Wiley & Sons. Inc.

New York 1955.

© Associated Asia Research Foundation (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 60



10.
11.

12.
13.

14.
15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25,

26.

J.L. Kelley, General Topology Springer-Verlag, New York 1961.

D. Montgomery and L. Zippin, Topological Transformation Groups. Inter
Science Publishers. Inc. New York, 1955.

James R. Munkres. Topology Low Price Edition.

G.F. Simmons. Introduction to Topology and Modern Analysis. Tata
Mc.Grow Hill Edition.

Dr. K.K. Jha, Advanced General Topology. Nav Bharat Publication Delhi-6.

Alexandroff, P., Combinatorial Topology, Vol I. Rochester N.Y. Graylock,
1956.

Hilton, P.J., An Introduction to Homotopy theory Cambridge. Cambridge
University Press, 1953.

Hurewiez, S.T. Homotopy Theory, New York: Academic Press, 1959.

Kelly J.L. General Topology, New York; Van Nostrand, 1955.

Eilenberg, S. “Singular homology theory” Ann. Math 45, 407-447 (1944).

Taylor, A.E.: “Introduction to Functional Analysis” Wiley, New York,
1958.

Riesz, F., and B. S. Nagy “Functional Analysis” Frederick Ungar, New
York, 1995.

Stone M.N. : On the Compactification of Topological Spaces, Ann. Soc.
Pol. Math: 21 (1948), pp. 153-160.

John G. Hocking: “Topology” Addition-Wesley Publishing Company, Inc.
London, U.S.A. England.

Samuel I. Goldberg, Curvature and Homology. Academic Press New York
and London 1962.

Joseph J. Rotman : An Introduction to homological Algebra. Academic
Press New York, 1979.

Holt, Rineharta Winston; “Rings and Homology” New York, Chicago, San
Francisco, 1964.

© Associated Asia Research Foundation (AARF)

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories.

Page | 61



