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Abstract

The purpose of this paper is to prove a common fixed point theorem for two coincidentally
commuting mapping on Fuzzy matric space.

The notion of Fuzzy sets was introduced by Zadeh’s [ ]. This laid foundation of Fuzzy
mathematics, the theory of Fuzzy metric space has been extensively studied and developed by Sessa []
Junk and Rhodes [ ] Dhae [ ].

Chauhan and Singh [ ] on 1997 proved a fixed point theorem for a continuous self mapping
T of a complete S-Fuzzy metric space (X, S, *) satisfying the condition.

S(Tx, Ty, Tz, Kt) > S(x,y, z,t) forall X,y € X, 0 <K < 1, t>0.

lim;_, S(x,y,2,t) =1, then T has a unique fixed point in X.

We have extended this theorem to a pair of self mappings T; and T, on X and showed that Ty
and T, have a unique common fixed point.
PRELIMINARIES :

How we set some definitions to be used an our result.
DEFINITION (i): The three tuple (X, S, *) is said to a S-Fuzzy metric space if X is an arbitrary sets,
* js continuous t-norm and S is a Fuzzy set on X3 x (0,) satisfying the following conditions.:

S(X,y,z,t)>0 (non-negative) (i)
S(X, Y, z,t) =1iff x=y=2z (coincidence) (i)
S(x, Y, z,t) =S(y, z, X, 1) (symmetry) (iii)

S(x, Yy, z, r+s+ k) = S(x, y, w, 1) * S(X, W, 2, )
*SW,y,2,) VX Yy, z,weX
and r, s, k>0 (Tetrahedral inequality.)------------------- (iv)

DEFINITION (ii) : A sequency (yn) is a S-Fuzzy metric space (x, s, *) is a cauchy sequence iff for
Each € > 0,t> 0, there exists ny € N such that

S(yn!ymr yp,t)>1'E for all n, m, p = nyg.

DEFINITION (iii) : A S-Fuzzy metric space in which every cauchy sequence
is convergent is called a complete S-Fuzzy metric space.
DEFINITION (iv): Let X be a arbitrary set. Two maps T; and T, : X = x are said to be
coincidentally commuting if they commute at coincidence point.
Main Result:
Let (X, S, *) be a S-Fuzzy metric space and let Ty, T, : X > X be
map that the following conditions:
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Ty (X) € T2(X) (1.1)
and any one of Ty (x) and T,(x) is complete. (1.2)
S(Tix, Tyy, Tiz at) = S(TyX, Toy, Trz, t)
for all x,y, z € x and 0<1, t> 0 and for
t>0, lim;,, S(x,y,72,t) =1 (1.3)
Then T; and T, have a unique common fixed point, provided T; and T, are
coincidentally commuting mapping on X.
Proof: Suppose x € X be an arbitrary point in X.
By (1.1) we get Tyxg = Toxqy =y; .
By induction:
VYn+1 :Tlxn :szn+1 ,HZO, 1,2, ................. .
Since Ty (X) € T, (X) .
If y; =y,41 forsomer € N then
Vr = T1Xr_1 = Tlxr = T2XT = Ter+1 =Vr41 = u for someu € X.
We show that u is a common fixed point of T; and T, .
Since Ty x, = T,X, and T; and T, are coincidentally commuting Mapping.

We have,

Tlu = TlTZXT‘ = Tzu .
From (1.3), we have

S(Tyy, Tyu, U, o t) S(Tyy, Tyu, Tyx, o t)
S(TZU’ T2uv TZXv t) = (Tlua Tlu’ Tlxrv t)
S(Tzu, T2u, Tzz, t/ (X)
S(Tyu, Ty, Tox, t/ an)

IV IV IV 1l

Letting n — oo we have
Tlu =u= Tzu .
This shows that u is a fixed point of T; and T, .
Ifyn# y,4q foreachn=0,12, ................cooeiiie .
For each P € N, t > 0 we have by. (1.3)

S(y1, Y21 Yp+1, 0 ) S(xo, Tix1, Tyxp, 1)

> S(T2X0, T2X1, T2Xp, o t)
= S(Yo, Y1, ¥ps 1)
And
S(y2: ¥2: Yp+2: 1) > S(yo, Y2, Yp+1: 1)
> S(yo, Y2, ¥p, U/ 0)
Or,
S(y2: Y3 Yp42: @) > S(¥o ¥2: Yp. t/ a?)

Proceeding in this way for p, g € N and t> 0 we have

S(Yn’ Yn+p’ YH+p+q1 3t) = S(Yn’ Yn+1 YI"H-]:H-Q’ t)*S(YI‘H-l’ YI‘H-p' Yn+p+q1 t)
*S(an YH-H)' Yn+1, t)

> S(o, Y1» Ypr U a*)*S(Vo, Vs Ypiqr U o")*S(Ynt1: Ynap,
Yn+p+q> t)
> S(o, y1» ¥p U a")*S(Vo, Vs Yp+qr U «")*S(Yn41, Ynt2,
Yn+p+qv t) *S(Yn+1i Yn+pi Yn+2: t) *S(Yn+21 Yn+pi Yn+p+qi t)
2 S(¥o: Y1, Yp» U &*)*S(Yo, Y1, Yp+q: ¥ @)*S(Y0, Y11 Yp+q-1,
t/ an+1) *S(YOi Y1 Yp—li t/ an) *S(Yn+21 Yn+p1 Yn+p+q1 t)
z S(Yo’ Vi va t/ an)*S(YO’ Vi Yp+q1 t/ O‘n)*s(}’o: Y1 Yp—li t/
a™t1) *S(yg, y1, Yngp-1, V) *S(Vo,

Vi, Yp+1, @ P71)
Taking limit as n — oo , we have

S(YnyyH+p1Yn+p+q13t) 2 1*1*1*1*1* ......................... *1
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Which implies that
S(Yn» Yn+ps Yntp+qr 3t) = 1, then {y,, } is Cauchy sequence in X.
Since T,(X) is complete so there exists a point u € T, (x) such that
limy, = lim T,x, = u
n—-oo n—-oo
Now we show that u is a common fixed point of T; and T .
Since u € T,(x) so there exists point P € X such that T,p = u
By (1.3)
S(Tlp, TzP, T2P, k) = lim S(Tlp, T1Xn, T1X, k) fort>0
n—oo
= lim S(TZ P, TZX, T1Xn, t)

n—-oo
=S(T,P, u, u, t)
= S(u, u, u, t) which mapping that T;P = T,P.
Now we show that u = TyP = T,P is a common fixed point of T; and T, .
Since T;P = T,P and T; ,T, are coincidentally commuting mapping.
We have Tlu = T1T2P = T2T1P = Tzu
We claim, T;u= T,u=u.
From (1.3) we have
S(Tlu, Tzu, u, (lt) S(T1U , T2T1P, u, (Xt)
S(Tlu y T1T2P y T1T2, (08 t)
S(Tlu , Tlu , Tlp, o t)
S(Tzu , T2u , T2P, t)
S(Tyu, T, T,P , Ty P, t)
S(Tyu, T,u , TyP, 1)
S(Tyu, Tou, u, t/ o) = S(Tyu, Tou, u, t/ )
............ S(Tyu, Tou, u, t/ a™)
O<a<lasn- oo.

mop 1 IV o

This we have by Chauhan and Singh [ ] T;u = T,u = u.
For uniqueness if u and v are two points common to T; and T,, we have

S(U, u, v, a t) = S(Tlu y Tlu, T1V, o t)
> S(T2U y Tzu, T2V, t)
= S(u, u, v, 1)
> S(u,u, v, t/a™) asn - oo,
haveu=v
This completes the proof.
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